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High-voltage conductivity of liquid d ie lec t r i cs  m ay  be produced by charge  inject ion f rom e lec t rodes  
[1-6]. The charges  flowing f rom the e lec t rodes  have the same sign as the e lec t rode  polar i ty .  The e lec t rode  
region becomes  charged,  causing Coulomb fo rces  to appear ,  d i rec ted  in the d i rec t ion away f rom the e l ec -  
t rode .  There  thus develops an unstable equi l ibr ium state,  and at sufficiently high e l ec t r i c  field intensi t ies  
the liquid is  set  in mot ion [3-6]~ The p resen t  study will obtain c r i t e r i a  fo r  the stabil i ty of equil ibrium of a 
weakly conductive liquid located between two spher ica l  e lec t rodes  for  cases  of unipolar  inject ion f rom the 
ou te r  o r  inner  e l ec t rodes .  

1. Formula t ion  of the P rob l em.  Le t  the e lec t rode  radi i  be R l, R 2 (R 1 < R 2) with an applied potential  
d i f ference U = const .  The space charge q = n 2 - n  1 is  fo rmed  inthe liquid due to inject ion of charges  f rom 
the e l ec t rodes ,  so that conductivity m a y  be ex p re s sed  in the fo rm ~ = uln t + u2n2, where nl, n 2 are  the 
values  of the space -cha rge  densi t ies  in jected by  the inner  and ou te r  e l ec t rodes ,  respec t ive ly ,  and ut,  u 2 a re  
the charge  mobi l i t i es .  We thus assume that  the inject ion cu r r en t  is  significantly higher  than the cu r ren t  p r o -  
duced by  impur i t i es  and dissocia t ion [1-3]. 

The mot ion  of the weakly conductive polar izable  incompress ib le  liquid is  desc r ibed  by the e l ec t rohy-  
drody~+nrnics equations [6, 7] 

,o(Ov/OT + (vv)v) = --VP " ~lAv -[- qE, div v = O, 
div ~E = 4nq, rot E : 0, On~!O~ ~- div ji = 0, (1.1) 

j~ = (--l)iniuiE + n~v (i = t, 2), 

whe re  Ji, J2 a re  the respec t ive  dens i t ies  of the cu r r en t s  produced by the injected charges;  ~, dynamic v i s -  
cosi ty;  and p, total  p r e s s u r e  [7]. 

The boundary conditions fo r  Eq. (1.1) have the fo rm 

VI.=R.R+-~0, r l j ! [ = / ,  at r=R1; cp=U, Ij+l=]~ at r=R+.. (I.2) 

Equal i ty  t o  ze ro  of the ve loc i ty  is  a consequence of the adhesion condition; the remaining conditions follow 
f rom specif icat ion of the potential  and in jec ted  cu r r en t  densi t ies  on the e l ec t rodes .  

2. Equi l ibr ium State .  The boundary-value  p rob lem descr ib ing the equil ibr ium state consis ts  of sys tem (1.1) 
at v = 0, ~ / ~  - 0 and boundary conditions (1.2). We introduce a spher ica l  coordinate  sys tem (r, 0, ~1), 
with or igin  at the cen t e r  of s y m m e t r y .  The solution descr ib ing  the equi l ibr ium state w i l l be  sought in the 
fo rm 

E0 = (Eo(r), O, 0), nio : nlo(r). (2ol) 
Here  and below we cons ider  index i as taking on the values of 1 and 2. 

Placing (2.1) in the equi l ibr ium equation and using (1.2), we obtain a solution in the fo rm 
(2.2) 

o ! . ,) . )o , ,) 

aR~ / 8.~Dr 3 ciq~ o ] iR i  D - -  ]l]'llt2 - -  12~2Ul 
gO = - -  ~ ] /  i "-~ 3aaStt41, g o  = - -  "~r '  n{O = ui r2E = UlUs 

w here  the constant a is  de te rmined  f rom boundary conditions (1.2) fo r  the potential  ~00+ We note that the 
constant  a has  the dimensions of e ! ee t r i c  f ield in tensi ty ,  and in the absence of inject ion (Ji = 0) then a - 
E 1 = URz/[RI(R2 - R1)]. Thus,  i f  we assume that  the inject ion is  weak 
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t h e n  Eq .  (2.2) m a y  be  s i m p l i f i e d  b y  expand ing  in  a s e r i e s  in  the  s m a l l  p a r a m e t e r  /~ = ~ - ~z2 
t e r m s  l i n e a r  in  

3. Study of S tab i l i ty .  

(2.3) 

mad r e t a i n i n g  

E o E~RI t + ~ n~o IE~IR~ 1 - -  ~t (2.4) 

We wi l l  c o n s i d e r  the  s t ab i l i t y  of  the  e q u i l i b r i u m  s t a t e  d e s c r i b e d  b y  Eq~ (2.4) wi th  
r e s p e c t  to  in f in i t e ly  s m a l l  p e r t u r b a t i o n s  [8]. R e p r e s e n t i n g  the  p e r t u r b e d  s ta te  by  a v e l o c i t y  e~v(r ) ,  p r e s s u r e  
Po ~ e ~ p ( r ) ,  e l e c t r i c  f ie ld  i n t e n s i t y  E0 + e ~ e ( r ) ,  and s p a c e  c h a r g e s  n~o + e~q~(r) ,  �9 with  c o n s i d e r a t i o n  of Eq.  
(2.3) f o r  the  p e r t u r b a t i o n ,  we ob ta in  the  fo l lowing s y s t e m  of  l i n e a r i z e d  equa t ions :  

2 2 0 ~P v = - -  VP + q A v -  (q~ - -  q~) E ~ R ~ / r  e~, div v = 0, 
2 o Lq~ - -  ( - -  I) i u i E ~ B ~ / r ' ,  d q d d r  + dn~o/dr .v~  = 0. (3.1) 

U s i n g  Eq .  (2.3), i t  c an  be shown [4] t ha t  the  b o u n d a r y  condi t ions  f o r  s y s t e m  (3.1) have  the  f o r m  

v tr=,~ = O, q, ]~=.~ = O. (3.2) 

We wil l  s tudy  the  s t ab i l i t y  wi th  r e s p e c t  to m o n o t o n i c - t y p e  p e r t u r b a t i o n  (k a r e a l  n u m b e r ) .  Then  on the  s t a -  
b i l i t y  b o u n d a r y  (X = 0) Eq .  (3.1) and b o u n d a r y  condi t ions  (3.2) def ine  a b o u n d a r y  p r o b l e m  f o r  e i g e n v a l u e s  of 
E 1. I f  we s e e k  the  e igenfunc t ions  in  the  f o r m  

v r = ~,~ (r) Tto,~ (n/2 - -  %, 0, 0), 

i 
v • = ~ ~ ( % ,  -4- ivo) = v+ (r) T ~,~-~,,~ (~/2 - -  ~ ,  0, 0), 

p = p~ (,-) 1"~,, (.~/2 - (~, o, 0), q~ = q ,  (~) T ~  (~/2 - -  ~,, 0, 0), 

w h e r e  T~m ( ~ ,  0, ~,_) (--  l ~ n, m ~ I; l = l, 2, 3 . . . .  ) a r e  g e n e r a l i z e d  s p h e r i c a l  func t ions ,  t hen  in ana logy  with 
[9] i t  c an  be shown t h a t  the  c r i t i c a l  i n t e n s i t y  E l . ,  a t  which  the  l iquid  l o s e s  s t ab i l i t y ,  i s  def ined  b y  the  fo l low-  
ing e i g e n v a l u e  p r o b l e m  f o r  E 1 

w h e r e  

~IO[vL l ( l  + l )  o 3 = - -  E 1 R i / r  �9 (q.,_z - -  qlt) ,  

d q i J d r  = ( - -  i) ~ r / ( E 1 B ~ u ~ ) ,  dn~o/dr ,  v , ;  

t:~ = dvx 'dr  = O, qil := 0 at r =  Ri~ 

d ~ 2 d l(1 z - i )  
b '  1 = f ' b ' l ;  D t ~ _  , _ _ . 

- -  d r  2 - 7  r d r  r 2 

(3.3) 

(3.4) 

o ,) 

' ~ 1 . 1 We t r a n s f o r m  to  the  d i m e n s i o n l e s s  v a r i a b l e s  t = r /R~,  v = v~gq,  ~o ~ pR~u[E[ = q:z ~ ,  ~ = q u ~  and p e r -  

f o r m  a subs t i t u t ion  t = l / s ,  w(s) --- v ( 1 / s ) ,  Yi = y [ ( 1 / s ) .  Then  the  p r o b l e m  of E q s .  (3.3), (3.4) w i l l b e e q u i v a l e n t  

to  the  fol lowing b o u n d a r y - v a l u e  p r o b l e m  f o r  e i g e n v a l u e s  of K1, if  the  va lue  K e is  spec i f i ed ,  and fo r  Ke, if  K 1 
v a l u e s  a r e  spec i f i ed :  

(3.5) 

(3.6) w = d w ' d s  = O, ?i = 0 at s = h~, 

d-" Z(t i); th ~ h ]r qlq (]~R~u_, -- J J @ l ) .  j n~ (] in~% - -  ] 2 R ~ )  We wil l  c o n s i d e r  w h e r e  n t ~ - - : ~  ~ =/T.;h.~ = l ; g l  = ~.iEj.[.~u~u.,_l ] , K . ~ =  "-" - ., 
a~" ~'- . - " ~ l E113 R I ~  '/ 

two c a s e s  of  u n i p o l a r  in jec t ion :  f r o m  the i n n e r  e l e c t r o d e  (J2 =0);  f r o m  the  o u t e r  e l e c t r o d e  (Jl = 0). In these  
c a s e s  E q s .  (3.5), (3.6) m a y  be  r e d u c e d  to  a p r o b l e m  of d e t e r m i n i n g  c h a r a c t e r i s t i c  v a l u e s  X i of  i n t e g r a l  equa -  
t i ons  wi th  p o s i t i v e  i n t e g r a n d s  
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TABLE 1 

>< 0,05 

4 7 8 . t 0 - '  
501.t0-7 

571 . t0 - :  

O,i 

t50.10-s 
t48.10-s 
t63.t0-a 
t85.10-a 

0,2 

582.10a 
505.10-a 
534.10-a 
600.10-4 

0,3 

0,639 
0,470 
0,445 
0,475 

0,4 

2,990 
2,465 
2,363 
2.47 I 
2,703 

0,5 

i2,76 
i0,81 
10,14 
t0,t8 

TABLE 2 

0.05 

200.10-7 
281.20-7 
382.t0-: 

0,1 

4t5.t0 -~ 
505.i0 -5 
663.t0-e 
867.10-e 

0,2 

t94.i0-~ 
181.t0 -~ 
210,t0-~ 
261,t0-' 

0.3 

0.2(ii 
0,198 
0.195 
0,218 

0,~ 

1,497 
t.250 
1.220 
1,305 
t .468 

0,5 

6,37 
6,03 
6,12 

w h e r e  

1 

w (s) = ;~ f G i  (s, , j - - ~ - d t ,  '~ w (t) 
Ii 

2 8 .~.R4 
~,i = 4 ~ 1 ( I +  l)Bi; B,= qltl  ' B., I~ 2 . 

t 1 

Gj (s, t) -: ( G (s, ~) d~; G.,. (s, t) = .l'G (s, ~) d~; 

(3.7) 

G(s,  ~) i s  G r e e n ' s  o p e r a t o r  funct ion,  def ined by the  d i f fe ren t i a l  e x p r e s s i o n  sL/s4L/  and boundary  condi t ions  
w =  d w / d s =  0 at  s =  h i .  

Ca lcu la t ion  of  the  s m a l l e s t  c h a r a c t e r i s t i c  va lues  •i 1 was  p e r f o r m e d  by the  i t e r a t ion  method  [9] with a 

r e l a t i v e  e r r o r  < 0.1%. T a b l e s  1 and 2 p r e s e n t  the  r e s u l t s  of  ca lcu la t ing  the  funct ions  B 1 = Bl(h,  l), B 2 = B2(h,l ) 
f o r  v a r i o u s  v a l u e s  of  h and l. The c r i t i c a l  va lue s  B i .  a r e  d e t e r m i n e d  f r o m  the condi t ion  B i .  = rain Bi(h, 

z>~l 

l). F o r  B i < B i .  the  l iquid i s  in  equ i l i b r i um,  while f o r  B i > B i .  i t  goes  into mo t ion .  The ca lcu la t ions  a l so  
showed tha t  in both  c a s e s  f o r  h < 0, 1 the  c r i t i c a l  mo t ions  c o r r e s p o n d  to  l = 2. With  i n c r e a s e  in h the  
c o r r e s p o n d i n g  l va lues  i n c r e a s e  by  one.  

We wil l  p r e s e n t  s o m e  n u m e r i c a l  e s t i m a t e s ,  In  p o l a r  l iquids  in  the p r e s e n c e  of  s e m i p e r m e a b l e  m e m -  
b r a n e s ,  in jec t ion  m a y  o c c u r  even  at low v o l t a g e s  [3-5] .  The dens i t i e s  of  the in jec ted  c u r r e n t s  can then  r e a c h  
s ign i f i can t  v a l u e s  (up to  100 ~ A / c m  2 in  n i t robenzo l  [3]). We wil l  e s t i m a t e  the magn i tude  of the  c r i t i c a l  c u r -  
r e n t  dens i t y  f o r  the i n n e r  e l e c t r o d e ,  a s s u m i n g  tha t  the  e l e c t r i c  f ie ld  in tens i ty  E t v a r i e s  o v e r  the l imi t s  E l = 
50-100  k V / c m ,  wi th  ion  mob i l i t y  of  the  o r d e r  of  magn i tude  of  10 -4 cm2/V . s e c  [2, 3], v i s c o s i t y  ,] = 0.2 P ,  

= 2 f o r  h = 0.1,  R 2 = 1 c m .  On the s tab i l i ty  b o u n d a r y  K 1 = Ks.  = 0.0015, whence  a f t e r  subs t i tu t ion  in 
the e x p r e s s i o n  f o r  K s of  the ind ica ted  va lue s  we obta in  j = 6 .4~-8.16 hA/e ra ,  with #1 = 0 .1 -0 .05 .  To d e -  
t e r m i n e  the  e x a c t  va lue  of  the  c r i t i c a l  e l e c t r i c  f ield in t ens i ty  n e a r  the i n n e r  e l e c t r o d e  (and a l so  the dens i ty  
of  the in jec ted  c u r r e n t  at  the e l ec t rode)  i t  i s  n e c e s s a r y  to  know the dependence  j = j(E) [1-3] .  F o r  example ,  
f o r  s t ee l  e l e c t r o d e s  and wel l  pu r i f i ed  n - h e x a n e  the  cold  e m i s s i o n  c u r r e n t  dens i ty  dependence  on f ie ld  in ten-  
s i ty  at  the ca thode  ha s  the  f o r m  [11 

] = a E  2 exp ( - - b / E ) ,  
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where a = 5.1.1021 A/V 2, b = 2.66.105 V/cm. If we assume [2, 10] hhat u 1 = 10 -4 cmU/V.sec,  ~ = 0.0029 
P, ~ = 2, h = 0.1, R 2 -- 1 cm, then E l .  = 38 MV/cm, with ~1 = 0.0036. 

The author expresses his gratitude to I. E. Tarapov for his interest  in the study and valuable advice. 
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